Abstract. Let H denote a composition of complex H enon maps in C 2 . In this paper we show that the only possible compositional roots of H are also compositions of H enon maps, and that H can have compositional roots of only nitely many distinct orders.
Introduction
Following BS], we say that a generalized H enon map is a map of the form H(z; w) = (w; p(w) ? az); where p is a monic polynomial of degree d 2 and a 2 C ? f0g, and we let G denote the space of nite compositions of such maps.
From FM], we know that any polynomial di eomorphism of C 2 is conjugate either to one of the maps in G or to an elementary map which preserves each line of the form w = const. In BF], we classi ed, up to conjugacy, all polynomial di eomorphisms which arise as the time-1 map of a holomorphic vector eld. In particular, each of these maps is an elementary map and has compositional roots of all orders. Moreover, in some cases, these roots can be nonpolynomial. See AF] for information about such cases.
In this paper we treat the question of the existence of compositional roots for the remaining cases. In particular, we show that any root of a map in G must be a polynomial map and that any map in G can have roots of only a nite number of distinct orders. For the remaining elementary maps which are not the time-1 map of a ow, we show that such maps have roots of arbitrarily high order and nonpolynomial roots, but that any root of such a map is conjugate to a polynomial elementary map. is a compact set and that g is harmonic on the complement of this set. Hence, outside a large disk, g z 0 has a harmonic conjugate in a neighborhood of any point. Using analytic continuation in the exterior of this disk, we obtain a harmonic conjugate with periods. Hence for some r > 0, some constant c z 0 , and a real harmonic function h z 0 , we get a function z 0 (w) = g z 0 (w) ? c z 0 log jwj + ih z 0 (w) which is holomorphic for jwj > r.
Since g z 0 0, we have j exp(? z 0 (w))j jwj cz 0 . Hence exp(? z 0 (w)) has at most a pole at in nity, so we can write exp(? z 0 (w)) = w N exp(f(w)) for some integer N and some f holomorphic in jwj > r with a removable singularity at in nity.
Taking absolute value and log, we get g z 0 (w)?c z 0 log jwj = ?N log jwj? Re(f(w)). Hence g z 0 (w) = b z 0 log jwj + O(1) in fjwj > 2rg, for some
We claim that b z is independent of z. Note that 2 b z 0 is the period for the harmonic conjugate of g z 0 in jwj > r, and that g z (w) is pluriharmonic in (z; w) near (z 0 ; w 0 ) for any jw 0 j > r.
Fix jw 0 j > r. We can construct the harmonic conjugate for g in the 
Polynomial roots
In the proof of the following theorem, we use the terminology and results of FM]. In particular, we use the fact that the group of polynomial automorphisms of C 2 is the amalgamated product of the group A of a ne linear automorphisms and the group E of elementary automorphisms which preserve the set of lines of the form w = const. A reduced word is an automorphism of the form g 1 g k , k 1, where each g k is in A or E but not in the intersection of these two groups and no two adjacent g j 's are in the same group. We say that k is the length of this reduced word. Also, we need to know that the identity cannot be written as a reduced word. 
Roots of elementary maps
In BF], we showed that no H enon map can be the time-1 map of the ow of a holomorphic vector eld and gave a precise classi cation of those maps which can be the time-1 map of such a ow. In AF] and AFV], it was shown that any ow of a holomorphic vector eld whose time-1 map is an elementary map is in fact conjugate to a ow which is polynomial for all time.
In this section, we consider the set of elementary maps which are not the time-1 map of any holomorphic ow and show that such maps have roots of arbitrarily high order but that any root is conjugate to a polynomial map.
The elementary maps which cannot be the time-1 map of a ow have the form F (z; w) = ( (z + w q(w r )); w); where is a primitive rth root of unity, q(w) = w k +q k?1 w k + q 1 w + q 0 , and k 1. A simple check shows that if we replace w q(w r ) by We claim that any root of F is conjugate to a polynomial automorphism. Suppose that is an automorphism of C 2 with n = F . Then F r ?1 = F r , so an argument like that in FM, theorem 6.10] shows that (z; w) = (e g(w) z + h(w); aw + b) for some entire g, h, and some a; b 2 C, a 6 = 0. Since n = F , we see that a n = and b(a n ? 1)=(a ? 1) = 0, so that b = 0.
Using this form for and the fact that F r = F r , it follows that e g(w) is a nonzero rational function, hence is a constant, c 6 = 0.
Moreover, since F = F , we see that c = a . Thus (z; w) = (a z + h(w); aw). Now, since rn = F r , it follows that P rn?1 j=0 (a ) ?j h(a j w) = rw q(w r ). Write h = h 1 + h 2 , where h 2 = w +krh 2 for some entireh 2 . Then the sum just given is valid with h 2 in place of h and 0 in place of rw q(w r ). Hence by AF], there exists f entire such that f(aw)?a f(w) = h 2 (w).
A simple check shows that if (z; w) = (z + f(w); w), then ?1 is a polynomial, and in fact, ?1 n = F . Thus any root of F is conjugate to a polynomial automorphism.
Given any elementary map F and a root n = F , one can ask if is conjugate to a polynomial automorphism. There are a few cases such as the above where this result is relatively straightforward, but in general, this seems to be a hard question. For some results along these lines in the case F = I, see AR] .
